Abstract. We study a two-parameter family of Riemann problems for the UTSD equation, also called the two-dimensional Burgers equation, which is used to model the transition from regular to Mach re ection for weak shock waves. The related initial-value problem consists of oblique shock data in the upper half plane, with two parameters a and b corresponding to the slopes of the initial shock waves. The study of quasi-steady solutions leads to a problem that changes type when written in self-similar coordinates. The problem is hyperbolic in the region where the ow is supersonic, and elliptic where the ow is subsonic.
Introduction
This paper reports on a study of the unsteady transonic small disturbance equation This results in discontinuities which propagate as shocks.
In this paper we show that the two-parameter problem displays qualitative features similar to those seen in a number of studies of shock interaction problems 2, 11, 12, 13, 14, 15, 16] .
Most of this paper is devoted to solving and reducing the self-similar problem to the point where the subsonic problem can be identi ed and studied. In other work, we have begun an analysis of the subsonic problem, 4, 7, 6] . Based on our experience with this problem, we o er some conjectures on what the subsonic analysis may reveal. Numerical results in 10] con rm those conjectures. In Section 2 we propose a bifurcation diagram and 4, we outline the free-boundary problems that arise in the interaction between hyperbolic waves and the subsonic (elliptic) region. We summarize our conclusions in Section 5 and give a revised bifurcation diagram based on hyperbolic wave interactions and subsonic ow behavior.
Our approach here, based strongly on similarity solutions and the corresponding dimension reduction that results, does not say anything about multi-dimensional ows which are not self-similar (quasi-steady). However, Riemann problems in one-dimensional gas dynamics have played a very important role which may extend to two-dimensional problems. In addition, self-similar solutions are used to model prototype shock re ection problems, as described above.
Self-similar analysis suggests that there may be more than one solution for certain con gurations of data. We prove in Theorem 3.1 that this is indeed the case. This is in the nature of bifurcation problems. Because of the construction we are using, we believe that all the solutions we nd and conjecture are stable to small perturbations of the Riemann data, to perturbation by smoothing of the data, or to viscous perturbation of the equations.
In self-similar coordinates, = x=t, = y=t, equation ( In the next section we identify the geometry of the elementary con gurations corresponding to the states in this problem.
The Geometry of Primary Intersections
The following geometric objects play a role in the analysis.
Shocks: S 1 (between U 0 and U 1 ): = a + (1=2 + a 2 ) 1 Axis of Symmetry W (wall): = 0 These six objects de ne the primary curves of the problem: they are intrinsically de ned in terms of the quasi-one-dimensional data for the reduced problem (1.3). We consider the data for this problem to be \Cauchy data given at in nity", corresponding to Riemann data for the original twodimensional problem given at t = 0, since j j ! 1 as t decreases to zero.
In fact, the negative x-axis is not appropriate for giving data, because (1.1)
is not hyperbolic in time: we should consider data given on a parabolic arc
for su ciently large C. As long as we are considering simple data of the form (1.2) the exact nature of this curve is not important.
Using the linearized equation, we can de ne the domain of in uence of a point to be the union of the forward wave cone through the point and the parabola. For a point ( ; ) one can also de ne the domain of dependence by following the characteristics of (1.4) back to (2.1). For arbitrary piecewise constant data at in nity (or on (2.1)) we can de ne the quasi-one-dimensional domain of determinacy: assuming all the quasi-onedimensional Riemann problems can be solved locally (as in the next section), there is a region of ( ; ) space outside of (or \before") any intersections of the primary curves take place. To help in categorizing the di erent cases which may arise, we de ne For convenience, we label all points, even though some of them are in the lower half-plane for some parameter values. The list is in Table 1 ; a sketch in Figure 3 identi es the points.
Remark: It is clear that intersections of one shock with another, or of a shock with the wall, generate new waves. But the point where a shock intersects the parabola corresponding to one state of the shock may mark a transition from uniform to nonuniform ow, as we shall explore. Not all the primary intersections actually occur in the solution of the Riemann problem; some never occur, and some occur or not depending on the values of a and b. A primary intersection will occur if it is not in the domain of in uence of any other intersection or of nonconstant data on (2.1). Because the characteristics in the hyperbolic region are easily computed (Figure 2) , it is straightforward to compute the forward domain of in uence of any point. The elliptic regions are conveniently nested, based on the magnitude of the data. However, there is no maximum principle: data at in nity may generate states of larger magnitude, and hence an a priori computation of the backwards domain of dependence of any point is not possible.
De nition 2.2 An admissible intersection is one that is completely determined by the data at in nity.
We can determine the admissible intersections for di erent ranges of a and b. The following elementary propositions were proved in 9]. Proposition 2.1 If I is upstream from 0 then it is admissible. In Case 1, one can construct a Mach re ection solution; in this paper we show how the primary intersections motivate the construction. In this case, the remaining step is to show that a certain degenerate elliptic freeboundary problem has a solution. We have solved the degenerate elliptic problem with a xed boundary, nding a singular solution in 6] and a regular solution in 7], for di erent ranges of data. We can use these results to prove the existence of a solution to the free-boundary problem, 4].
To explain the construction of a solution in Case 1 and to obtain preliminary results in the other cases, we next study the quasi-one-dimensional Riemann problems which arise in this problem. : (3.3) This line may be vertical but is never horizontal; hence it always has a \left side", which corresponds to the future. A point belongs to the future if ( ? 0 ; ? 0 ) (1; ) < 0; that is, (1; ) is a timelike normal in the backwards time direction. This explains property 2. Now, for Riemann data, we may suppose we are given (U 1 ; U 2 ; 0 ) with 0 outside P i (the parabola corresponding to U i ) for i = 1; 2, and a spacelike line L as in (3.3) . Since one parabola is inside the other, we need only verify the condition of being spacelike for the parabola with the larger value of u. For de niteness, we de ne the ordered data triple (U 1 ; U 2 ; 0 ) to take the value U 1 on the lower half-line < 0 and U 2 on the upper. however, the solution is always constant in a neighborhood of t ! 1.
Our aim is to describe the solution to the Riemann problem for all data. Now, at any t, U(t) either 1. is constant in a neighborhood of t or 2. has a shock at t or 3. has a rarefaction in a (possibly one-sided) neighborhood of t.
Item 1 needs no explanation. We next describe shocks and rarefactions in turn. ; which has positive slope if 0 > 0. We denote the branches by S . The shock polar is also de ned for pairs (U 0 ; 0 ) which are not hyperbolic, but then it is not a loop; in this case u M < u 0 , and the locus consists of a single smooth branch and the isolated point U 0 . See Figure 5 .
To describe the shock polar, we introduce the following conventions. 2. 2 ( 1 ; 2 ): + (U 0 ) > t > + (U); shock is below parabola P 0 and U 0 is upstream. Figure 7 . To use this information to solve quasi-one-dimensional Riemann problems with data U 1 and U 2 on L, note that the given states U 1 and U 2 must both be upstream states with respect to a shock joining them to adjacent states. Also, typically, the shock between U 1 and an adjacent state will be a +-shock (below the parabola: in interval 2 or 3) and that between U 2 and an adjacent state a ?-shock (above: in interval 3 or 4). The 2-interval from U 1 will not intersect the 4-interval from U 2 , unless U 1 and U 2 are correctly positioned relative to each other in the u; v plane: U 1 must be more or less above U 2 and not too far away. Generally, the shock polars from U 1 and U 2 will intersect twice, so the intermediate state is not uniquely de ned from the data. It is also clear that one case of interest, with Riemann data the where replacement of in the formula by 0 is justi ed since the characteristic through also goes through 0 . Now U 0 is a null vector of (3.9), so one nds (using the de nitions of A and B in (1. (The ? sign de nes R ? , corresponding to ? , the + sign gives R + , corresponding to + .) Both U and U 0 must be hyperbolic at 0 , and the curves are de ned for u u s = 2 0 =4 + 0 . Unlike the shock polar, the rarefaction polar does not form a loop, but has two nite and two semi-in nite branches. For a sketch of the rarefaction curves, see Figure 8 .
A picture of the local characteristic angles along R(U 0 ; 0 ) (see Figure   9 ) can be used to construct a rarefaction wave con guration, as in Figure  10 . There are four cases:
1. For an R ? wave, ? (u) < ? (u 0 ) if U 0 is the upstream state. Hence, the semi-in nite branch of R ? , with u < u 0 , consists of states to which U 0 can be joined by a rarefaction, with U 0 the upstream state.
2. The other part of R ? , with u 0 < u < u s , consists of ? waves where U 0 is now the downstream state.
3. On the + branch, the rarefactions are tangent to the lower branches of the parabolas (as in Figure 10) ; again, the semi-in nite branch, u < u 0 , contains states which are downstream from U 0 .
4. On the part of R + with u 0 < u < u s , U is the upstream state (the case pictured in Figure 10 ). Unlike the standard one-dimensional Riemann problem, quasi-one-dimensional Riemann problems do not have solutions for all choices of U 1 , U 2 , and 0 . Nor will the solution always be uniquely de ned. However, we can give a precise result as follows.
De ne the downstream wave locus, D(U 1 ), of a state U 1 , with respect to a xed 0 , as the union of all states which can be joined to U 1 by a shock or rarefaction in which U 1 is the upstream state. This locus is de ned only if U 1 is a hyperbolic state. It consists of the loop part of the shock polar (intervals 2, 3, and 4), and the semi-in nite line segments from the rarefaction polar (intervals 1 and 3) . Qualitatively, it looks like the shock polar; in particular, it extends beyond the line u = u s . See Figure 11 .
The downstream wave locus divides the half-plane u u s into four regions, labelled 1 { 4 in Figure 11 ; we label the region above U 1 as`1' and continue counterclockwise. We can prove The fact that there are no horizontal waves corresponds to the nonexistence of vertical tangents or secants to the polars. All other arrangements are inadmissible. Now, suppose U 2 is in region 1. We invoke standard theorems of ordinary di erential equations to tell us that the R + and R ? curves form smooth vector elds which cover the left half-plane without self-intersections; curves from opposite families intersect uniquely and transversely. A calculation, or use of a general result on convex shock curves, also tells us that intersections of shock loops with each other and with rarefaction curves are governed by exactly the mechanism one would see if the downstream locus were simply translated. Hence, when U 2 is in region 1 of Figure 11 , there may be some intersections of shock curves, all of which are inadmissible, and there is always an intersection of R + (U 1 ) with R ? (U 2 ); this produces a unique admissible point U m and a solution consisting of a pair of rarefaction waves.
If U 2 is in region 2, the unique admissible intermediate state U m is at the intersection of R + (U 1 ) and S ? (U 2 ). This intersection always exists if U 2 is in region 2, for the shock loop of U 1 is inside the shock loop of U 2 .
In region 4, which is bounded, the unique solution is the intersection of R ? (U 2 ) and S + (U 1 ). This solution is illustrated in Figure 12 Furthermore, except along a curve separating the region of no solutions, there will be two solutions. Again, typically, though not always, one solution will be supersonic and one subsonic. Standard admissibility criteria show that both are admissible. occurs at I . Furthermore, the data for this problem lead to a region 4 con guration, and there is a unique admissible solution, which consists of a rarefaction wave and a shock.
Proof: The Riemann problem has data U 0 below I and U 2 above; here for L we take any spacelike line. Because I is outside P 2 by hypothesis, the Riemann data is hyperbolic. Now, U 2 = (1 + a=b; 0) lies directly to the right of U 0 = (0; 0). We claim that this point is in region 4. Because of the remarks following equation (3.6), it is in either region 3 or 4, and it is in Table 1 shows that this is indeed the case.
This construction can also be used to estimate the values of v m and u m . We nd I ? u 2 =2 = a=2b. This can be made arbitrarily small, and hence v(u 2 ) in equation (3.11) arbitrarily close to zero, by choosing a small relative to b. Then R ? (U 2 ) will intersect S + (U 0 ) very close to U 2 (it can be checked that the slope of R ? (U 2 ) is of order unity in this case); that is, v m is negative and near zero, while u m is less than u 2 and very close to u 2 .
In fact, this solution gives a solution to the shock interaction problem at every point in the ( ; ) plane which is supersonic. We have Proof: The solution outside P m is constructed by continuing the rarefaction wave joining U 2 to U m out to in nity, and then letting U = U m be constant below the rarefaction and between the rarefaction and the shock, outside P m . When the shock enters P m it is expected to bend; inside P m one can formulate a problem for (1.1) which is elliptic inside the region and degenerate elliptic on the boundary. Data along the axis are chosen to be symmetric: u = 0 = v. The continuation of the shock, satisfying the Rankine-Hugoniot condition and with the constant state U 0 upstream, leads to a free-boundary problem.
The degenerate elliptic problem is solved in 7] and 6] and we are currently studying the free-boundary problem, 4].
The solution constructed this way is not unique, even in the hyperbolic region, since we continued the rarefaction fan beyond the parabolas. This violates causality: the in nite rays extend in the backwards timelike direction. An alternative and more physical construction terminates each ray in the rarefaction fan at the point where it becomes sonic. Then it becomes necessary, to complete the problem, to nd the nonuniform subsonic solution in the strip between P 2 and P m . This changes the degenerate part of the boundary in the free-boundary problem mentioned above. The free-boundary problem for the position of the transonic shock between the upstream state U 0 and a subsonic state U remains the same, but the region is now bounded by a part of the sonic parabola P 2 , a part of the sonic parabola P m , the wall, and a sonic curve P 2m along which the states in the rarefaction wave between U 2 and U m become sonic. If ( I ; I ) denote the coordinates of I , the equation for the curve P 2m is given by ? I = 2 ( I ? ): (3.12) Figure 12 pictures the corresponding hyperbolic solution and the boundary components for the elliptic problem. Equation (1.1) is elliptic inside the region where the ow is subsonic, and degenerate on the boundary P 2 P m P 2m . We have not yet attempted to solve this problem for two reasons.
First, we wish to understand the degenerate free-boundary problem, and so we have chosen a simpli ed problem to solve. In addition, P m is close to P 2 , so this ambiguous region is small, and should not a ect the existence of the solution in the interesting region near the free boundary. (However, to describe some more complicated wave interactions, as we outline in Section 4, we assume this more physical problem has a solution as well.)
A second reason for not considering the details of the problem near the tail of the parabola is that, as mentioned at the beginning of the paper, the original problem is not hyperbolic in time, and the ill-posedness centers about the treatment of the negative -axis. If we were to consider, instead of (1.1), a problem such as the nonlinear wave equation, the nature of the di culty in this region (now con ned to a nite part of the plane) becomes clearer, and needs to be analysed.
We conclude this section with a remark about the wave interaction which occurs in the limit of Case 1, when (a; b) lies on the curve I.
Remark: (The Hyperbolic Solution for (a; b) 2 I) In this case I = 0 = 1 and this is a limiting case in which I is still an admissible primary intersection. The shock S 2 is sonic at I and so we call the interaction between S 1 and S 2 at I a degenerate hyperbolic wave interaction. We solve this degenerate hyperbolic problem in the same way as for Case 1 data. By Theorem 3.2, the data for this problem leads to a region 4 con guration of wave curves and the solution consists of a ?-rarefaction wave from U 2 to a state U m with u 2 > u m , followed by a +-shock between U m and U 0 .
In the more physical solution (where the characteristics in the rarefaction fan terminate at the sonic points), the rarefaction wave consists of characteristics whose lengths decrease to zero as u ! u 2 .
To complete the solution we again need to solve a free-boundary problem for the position of the transonic shock between U 0 and the subsonic state U in the domain whose boundary has the same constituents as in Case 1 data. The degenerate boundary consists of the parabola P 2 , the curve P 2m , given by equation (3.12) , along which the rarefaction wave is sonic, and the parabola P m across which U m changes from supersonic to subsonic. Even in this degenerate case, the component P 2m of the degenerate boundary where U is nonconstant is not adjacent to the free boundary.
Shock Reflection Problems for Other Parameter Values
In the preceding section, we showed how the problem of Mach stem formation reduces to a hyperbolic Riemann problem when the initial shocks at in nity fall into Case 1 (this is the case of almost vertical shocks). The quasi-steady problem in this particularly straightforward case is simpli ed by the fact that I is an admissible primary intersection; in fact, it is the only one, and it organizes the entire problem.
Outside this case, the behavior at I does not determine the problem; in fact, I may not even occur. There are four other modes of shock interaction which we can set up in some regions of space (possibly overlapping). We have not yet solved the corresponding elliptic problems for these cases, but we formulate them here, leaving the rest of the investigation to the future.
We begin by discussing another shock re ection problem, which may be hyperbolic, and may be primary, for some values of a and b. We recall that We now formulate the perturbed regular re ection equations. These equations can be formulated for all a p 2 and a > I(b). We shall call this region of parameter space R. We note that only if a > L(b) is A an admissible primary intersection, but that it is always locally admissible in R: that is, it lies outside of and upstream from P 1 . The line a = a and the curve a = L(b) also demarcate regions of potentially di erent behavior in R. These three curves divide R into eight subregions, as shown in Figure 13 . For reference, we also draw a diagram of the uniform re ected shock solutions on the boundaries, using (4.4) and (4.5). The important point is to note where the boundaries of the super-and subsonic regions lie, since this is where perturbed solutions are expected to become nonuniform. See Figure 13 , the second divides subregions 6 and 8.
It is plausible that for points (a; b) near (4.4) or (4.5) there will be a solution close to the respective uniform solutions. In fact, however, we can de ne two perturbation problems at each point in R, one based on each of the two Riemann solutions at A . In both cases, the solution will be piecewise constant outside an elliptic region, in which the solution will satisfy a degenerate elliptic free-boundary problem. The exact nature of the problem varies depending on which Riemann solution is selected and which of the eight subregions we are in. We conjecture that only for some of these problems will solutions exist; thus, there may be two, one or even no regular re ection type solutions for (a; b) in R. Figure 16 describes the setup of the problem in one typical case (subregion 4).
In each case, the solution takes the following form: the shock S 2 is straight until it reaches the point 0 , an admissible primary interaction. Then it continues as a curved shock. It eventually joins the point A , which is therefore admissible in each case. What happens near A depends on whether we are perturbing a Riemann solution which is subsonic at A 
The UTSD Prototype for von Neumann Reflection
There is another region of parameter space where we can reduce the problem to solving an elliptic equation. This is the case where 1 S 1 \ P 1 is admissible. This requires the two conditions 1 > 0 (so that 1 exists) and a > I(b), so that I is not admissible. The rst condition, from Table 1 , is a < 1= p 2. We describe the following reduction of the problem to a degenerate elliptic equation. Figure 17 pictures the important variables.
The solution has the constant value U 2 left of the shock S 2 up to the parabola P 2 ; the shock then becomes nonuniform, decaying and turning until it intersects S 1 . At or before the point of intersection with S 1 it has and is attained on the degenerate boundary, which we therefore expect to be singular. The elliptic problem in this case has two degenerate parts to its boundary { at P 2 and at P 1 { and two free-boundary problems arise. We expect that the solution at the degenerate boundary P 1 has a square-root type singularity at the point 1 where the shock S 1 intersects the sonic parabola P 1 . Indeed, in 8] we showed that if the Mach stem = ( ) is an increasing, convex function, then the subsonic solution u is a decreasing function of along the shock, and it must have a square-root singularity at the point where the Mach stem intersects the sonic curve. Numerical experiments in 10] con rm this scenario.
Transitional Mach Reflection
In the neighborhood of the region in (a; b)-parameter space in which Mach re ection takes place (Case 1), we expect to see a transition from Mach reection to other types of re ection. In this spirit we pose the corresponding free-boundary problem and conjecture its solution in the region of parameter space bounded from below by the curve I and from above by M, de ned by (4.6). We shall denote this region by T MR. In Figure 18 we show the corresponding uniform shock con gurations, related sonic curves and the important variables.
As in von Neumann re ection, the solution in this case has the constant value U 2 left of the shock S 2 up to the sonic parabola P 2 . Then S 2 becomes nonuniform; we again call it f S 2 . We assume that, as in von Neumann re ection, the shock strength of f S 2 is decaying, that is, the subsonic solution u, left of the shock f S 2 , is decreasing as we move away from P 2 . We shall assume that at the point, f I , where f S 2 meets S 1 , the state on the left of f S 2 is sonic. This is the only scenario that leads to the existence of a solution for the parameter values belonging to the region T MR. Calculating the derivative of F one sees that F 0 (u) < 0 on 1; 1). Therefore, since F(1) = 0, F is negative for all u D > 1. This completes the proof.
We summarize our candidate for a transitional Mach re ection in the following conjecture, illustrated in Figure 19 .
Conjecture If (a; b) 2 T MR there will be a solution that consists of an incident shock, a re ected wave that meets the incident shock at a point f I above the wall, a Mach stem and a rarefaction wave emanating from f I . The incident shock is uniform up to f I , the re ected wave is uniform up to 0 , transonic and nonuniform from 0 to f I , and sonic at f I . The rarefaction wave and Mach stem have the same structure as in the degenerate Case 1 problem arising along the curve I in (a; b)-parameter space.
Therefore, there is a small hyperbolic region consisting of a state U m and a rarefaction wave between U D and U m that penetrates the region of subsonic ow. This is also seen in numerical experiments in 10].
A Mechanism for Mach Reflection with a Kink
In this section we conjecture the structure of the solution in the the region of (a; b)-parameter space that lies above the curve M, right of the line problem at f I with data U D and U 0 will again have a solution consisting of a shock and a rarefaction wave. The di erence between this con guration and the prototype for transitional Mach re ection is that when b >> 1, the requirement that f S 2 approaches f I in the positive time-like direction in the neighborhood of f I implies that the shock f S 2 changes curvature from being concave up just beyond the point 0 where S 2 meets P 2 to being concave down near f I , This is why we call this solution a kinky Mach re ection. If (a; b) is near the curve M, this con guration resembles transitional Mach re ection. relation between di erent types of two-dimensional wave interactions as parameters vary, our picture shows some success: von Neumann re ection and regular re ection are far apart; in fact, they span the parameter space, and are separated by all the other modes of interaction. A signi cant di erence is that there is a region devoted to`double Mach re ection' in Ben-Dor's experimental and theoretical descriptions. Double Mach re ection may not occur in our simple model. We note, however, that the model was designed to describe transition between regular, von Neumann and simple Mach re ection at low Our simpli ed model does not contain`triple points' (see 3]). Of course, the full gas dynamics equations do not contain triple points either: a socalled triple point really consists of four states and four discontinuities, one being a slip line. However, our model does not permit slip lines. Here it may be noteworthy that no experimental results show a triple point with uniform states in all four quadrants: the ow behind the triple point is always nonuniform (though, on the scale of the problem, it may be close to constant). The simple Mach re ection which we described in Section 3.3 (Theorem 3) is the nearest this model comes to a triple point. Our candidate for Mach re ection is in fact a hyperbolic quasi-one-dimensional Riemann problem: there are four states rather than three and there is a small rarefaction wave as well as three shocks. This is exactly what the numerical simulations in 10] for Case 1 data indicate. (The calculations reported by Brio and Hunter, 3], do not include any Case 1 points.)
We have not yet completed the task of proving existence of the conjectured solutions to the free-boundary problems we have posed here. How-ever, we have some evidence, from the solutions we have found to their xed-boundary counterparts, that solutions do exist. The progress we have made in classifying di erent types of interaction patterns and the transitions between them supports our theme that shock interaction phenomena cannot be understood without examination of the full solution of the equations, particularly in the subsonic region. We believe that the paradoxes and their resolutions which appear in this simpli ed model have their counterparts, mutatis mutandis, in the full equations of gas dynamics.
